Introduction
The well-known conjecture by Kozlov (see, for instance, [23] ) states that if a geodesic flow on a two-torus admits an additional first integral polynomial in momenta, then it admits an additional first integral of degree 1 or 2 in momenta.
Note that the geodesic flows on surfaces admitting additional first integrals polynomial of degree k ≤ 2 in momenta were already described in the 19th century [26, 10] (see also [16, 5, 24] ).
In the recent years many articles appear [12, 14, 27, 31, 36] , discussing various approaches to this conjecture. The conjecture is proved for the case when the conformal factor g of the metric ds 2 = g(x, y)(dx 2 + dy 2 ) is a trigonometric polynomial on a torus [23] . In the general case the conjecture stays open for every degree k ≥ 3 of the additional integral.
We note that, by the Kozlov theorem [22] , a geodesic flow on a closed surface of genus g > 1 does not admit an additional real analytic first integral on any positive energy level (a generalization of this theorem for higherdimensional manifolds was obtained in [32, 33] ). For a two-sphere the list of examples of integrable geodesic flow is much richer than in the torus case (see [7] ).
In the sequel, to be short we will call first integrals linear or polynomial if they are linear or polynomial in momenta.
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We follow this approach in this paper which in general has a methodological character. We will restrict a geodesic flow onto the nonzero energy level surface for simplifying the equations. The procedure for constructing a first integral falls into the two parts: 1) a successive formal derivation of coefficients of the polynomial; 2) a check out of closing (for this construction) reality conditions (exactly at this step for k = 2 the Liouville metrics are distinguished).
In §3 it is shown that for a general metric the first part of the procedure passes through a priori only for k ≤ 7 (Theorem 1), whereas for k ≥ 8 it is not excluded that some conditions appear for the metrics that allow the successive construction of a polynomial.
The reality conditions do have different forms for the even and odd values of k. In §4, in particular, we point out an analogy between the reality conditions for odd k and the "dispersionless" limits of stationary two-dimensional soliton equations (Remark 2 and the equation (15)).
We also consider the analogous equations for first integrals of magnetic geodesic flows. In this case it is natural to consider integrability only on fixed energy levels.
Another approach to these equations, using the view point of hydrodynamic type systems, is developed in [1, 13] .
In §5, it is shown in particular that if the magnetic field does not vanish or does not admit an additional linear first integral, then a function quadratic in momenta can be a first integral only on one energy level (Theorem 2).
We remark that very few examples of integrable magnetic geodesic flows are known. In the case when the integrals are polynomial we have the following: 1) the flows with additional linear first integrals are completely described. Clearly, it is exactly the case when the conformal factor of the metric and the magnetic field depend on one (and the same) variable;
2) a finitely-parameterized family is known of systems with additional quadratic first integrals [19] ;
3) it is proved that by an arbitrarily small deformation the geodesic flow of a Liouville metric is transformed into a magnetic geodesic flow that admits an additional quadratic integral on a given energy level; an analytical description of these examples is unknown yet [2] .
We thank A.E. Mironov for helpful discussions and the referee for helpful comments.
Main notions
Let M be a Riemannian manifold homeomorphic to a two-torus. By the uniformization theorem, it is isometric to the quotient space R 2 /Γ, of the two-plane with a complex-valued parameter z = x + iy with respect to a lattice Γ ≈ Z 2 , endowed with a conformally Euclidean metric
The geodesic flow on the two-torus is defined a Hamiltonian system on the cotangent bundle T * M with the standard Poisson structure in which the Poisson bracket on the coordinate functions x, y, and p x , p y (the coordinates on the fibers of the cotangent bundle, the momenta) is as follows:
and on other pairs of coordinates the Poisson bracket vanishes. For every smooth functions F and G, defined in a domain in T * M , their Poisson bracket is given by the following formula
which is a particular case of the general definition
where u 1 , . . . , u n are local coordinates on a Poisson manifold N and the skew-symmetric tensor h ik has the form
The Hamiltonian equations on a Poisson manifold N are determined by a choice of a (smooth) Hamiltonian function (the Hamiltonian) H : N → R and are as follows df dt = {f, H},
where the left-hand side is the evolution of an arbitrary smooth function f , defined in a domain in N , along the trajectories of the flow. In the local coordinates u 1 , . . . , u n the equations take the forṁ
For N = T * M the Hamiltonian equation take the forṁ
The Hamiltonian function of the geodesic flow is equal to
The coordinates x and y are not global however, since they are periodic coordinates on M with respect to Γ, the Hamiltonian equation define a dynamical system on T * M . Since the Poisson bracket is skew-symmetric, the Hamiltonian function is preserved by the flow, i.e. it is a first integral of the Hamiltonian system:
It determines the energy of the system. A Hamiltonian system on a 4-dimensional Poisson manifold N is called integrable, if there exists an additional first integral I: dI dt = {I, H} = 0, which is functionally independent with H almost everywhere. More broader concept is the integrability of the fixed energy level: a system is integrable on the energy level {H = E}, if there exists a smooth function I, defined in a neighborhood of the level surface V = {H = E}, such that {I, H} = 0 on V = {H = E} and I and H are functionally independent near V . The structure of integrable hamiltonian systems (on a symplectic manifold) is described by the Liouville theorem. In particular, it states that regular compact submanifolds {H = E, I 1 = const, . . . , I k−1 = const} are k-dimensional tori, on which the Hamiltonian system is linearized (see, for instance, [3, 30] ). Here the dimension on the symplectic manifold is equal to 2k and for geodesic flows on a two-torus k = 2.
These definitions are naturally generalized for all dimensions. In this case a geodesic flow is a Hamiltonian system on the cotangent bundle T * M with the Poisson bracket
where u 1 , . . . , u k are coordinates on the manifold, and p 1 , . . . , p k are the adjoint to them coordinates in the fibers of the cotangent bundle. We recall that coordinates in a domain of a symplectic manifold are call canonical if for them the Poisson bracket takes the form (1). The Hamiltonian function of the geodesic flow (of a Riemannian metric) is defined as
where ds 2 = g ij (u)du i du j is the Riemannian metric and g ij g jm = δ i m for i, m = 1, . . . , k.
For the geodesic flow on any Riemannian manifold M the integrability on a nonzero energy level, in fact, implies the integrability, because the restrictions of the flow onto different nonzero energy levels are orbitally isomorphic. Therewith for a study of topological obstructions to the integrability it is more convenient to work with the energy level V which is compact if the configuration space M is compact [32] .
Everywhere in the sequel we will assume that the energy level H = E under consideration corresponds to a positive value of energy:
i.e. it is not empty as for E < 0 and does not consist of all stationary points of the flow as for E = 0.
Equations on first integrals of geodesic flows
The Hamiltonian H(u, p) of a geodesic flow is homogeneous in momenta in canonical coordinates on the cotangent bundle. Therefore we may apply to the geodesic flow the following proposition which is checked by straightforward computations.
Proposition 1 If, in canonical coordinates, F (u, p) is a polynomial of qth degree in momenta p 1 , . . . , p n and the Hamiltonian function H(u, p) is a polynomial of p-th degree in momenta, then {F, H} is a polynomial of (p + q − 1)-th degree in momenta. F (u, p) is a real analytic first integral of the geodesic flow and F (u, p) = ∞ k=0 F k (u, p) is its decomposition into a series, where F k (u, p) is a polynomial of k-th degree in momenta, k = 0, 1, . . ., then all functions F k (u, p) are first integrals of the geodesic flow.
Corollary 1 If
Let us return to geodesic flows on the two-torus M = T 2 with the conformal parameter z = x + iy.
We extend the space of smooth functions on T * M to the space of smooth complex-valued functions on the same phase space. For a pair of functions F and G their Poisson bracket is defined as in the real-valued case by the formula {F, G} = ∂F ∂x
Since the fibers of the cotangent bundle T * M are diffeomorphic to the complex line C, the complex-valued functions on the fibers it is naturally to consider as functions of complex-valued parameters
The Poisson brackets of complex-valued parameters are equal to
The Hamiltonian H(u, p) of the geodesic flow of a metric ds 2 = g(x, y) (dx 2 + dy 2 ) = g(z,z) dz dz takes the form
By Corollary 1, the existence of real analytic first integrals of geodesic flows is equivalent to the existence of the first integrals that are homogeneous polynomials in momenta. Hence when we are looking for first integrals we restrict ourselves by the first integrals of such a form.
A real-valued function f on T * M , which is a homogeneous polynomial of k-th degree in momenta, has the form
where
The following proposition is checked by straightforward computations:
Proposition 2 A function f of the form (2) is a first integral of the geodesic flow on the energy level
if and only if the function {f, H}, which is polynomial in p z and pz, vanishes after the substitution
We remark that after the substitution (3) f takes the polynomial form
The following proposition is evident.
Proposition 3 A function f of the form (2) is the first integral of the geodesic flow on the energy level H = E if and only if the function F obtained from f by applying the substitution (3) is the first integral of the flow on the same energy level.
Let us compute the results of the successive application to polynomials of the form (4) of the Poisson bracket with H and the substitution (3). We denote this operation by F → {F, H} E and note that it sends polynomials of the form (4) into polynomials of the same form:
3)F = a(z,z), a =ā:
These formulas imply the following proposition. (4) is a first integral of the geodesic flow on the energy level H = E if and only if {F k , H} E = 0, where
2) If a function F k of the form (4) is a first integral of the geodesic flow on the energy level H = E, then both components F even and F odd of its decomposition
into the sum of functions, of the same form, which are invariant and antiinvariant with respect to the transformation (p z , pz) → (−p z , −pz) are first integrals of the geodesic flow on this energy level. The functions F even are F odd are polynomials of even and odd degrees in momenta, respectively.
Corollary 2
The coefficient a k of the decomposition of the first integral F k , at the highest degree of p z is holomorphic in z:
Remark 1. For k = 2 the equation (5) was pointed out already in the 19th century: see, for instance, [16, p. 42] , where the local problem was considered and, by using (5), a quadratic first integral was reduced to the form a 2 = 1 by a local change of coordinates. It was substantially used by Birkhoff [5] and in [24] , where, in particular, the nonexistence of additional first integrals, real analytic in momenta on closed surfaces of genus g > 1 was derived from the nonexistence of not-everywhere-vanishing holomorphic k-differentials a(z)(dz) k .
Application of Proposition 4 to a search for metrics on tori with additional first integrals polynomial in momenta meets the two difficulties: a) the formal solvability of the equations on a i , 0 ≤ i ≤ k, b) the fulfillment of the "closing" reality conditions for derived solutions. The appearing closing conditions are different in form for even and odd values of k. Let us elaborate that.
k = 2q + 1
By part 2 of Proposition 4, it is enough to consider the case when a polynomial F k has nonzero coefficients only at the odd degrees of p z and pz.
The system of equations on the coefficients of the polynomial
is written as a condition of vanishing of coefficients at p 2m z , 0 ≤ m ≤ q + 1, of the decomposition of {F k , H} E . In this case we divide every coefficient by h and, after replacing h by g = h −1 everywhere, we obtain
Re
Since, by (5), a k = const as a holomorphic double-periodic function, the value of a 2q+1 can be mapped to any nonzero constant by a linear change of a variable z → z/c.
Then we haves to successively solve the equations for a 2m−1 , decreasing the value of m from q to 1. In general the question of the successive solvability of this system is open.
The necessary and sufficient condition for the solvability of the equation on a l , when the values of a l+2 , . . . , a k are given, is as follows. Let us write down the equation (7), which corresponds to this case, in the general form:
We denote by C ∞ (M ) the space of smooth functions on the torus M = R 2 /Γ and by C ∞ 0 (M ) its subspace which consists of all functions f such that
This condition is equivalent to the vanishing of the free term in the Fourier decomposition of f . On C ∞ 0 (M ) the operators ∂ = ∂ ∂z and∂ = ∂ ∂z are invertible up to constants. For simplicity, we demonstrate that for the case of the square lattice Γ = 2πZ 2 . The Fourier decomposition of f is as follows:
and exactly when f 0 = 0 the functions
satisfy the equations ∂u = f,∂v = f,
respectively. All other solutions of the equations from C ∞ 0 (M ) differ from these by constants. It is clear that for f 0 = 0 the equations are unsolvable in C ∞ (M ).
Let us return to the equations (9). We already mentioned that a k = const. The equation (10) is solvable as an equation on a n with an assumption that a n+2 , . . . , a k are known if and only if its right-hand side
(for brevity, we take it up to a multiple constant) lies in C ∞ 0 (M ). This is equivalent to the equality
The last condition is satisfied for n = k − 2, k − 4, k − 6. Indeed:
1) for a k = const and n = k − 2 the conditions reduce to ∂g ∂z ∈ C ∞ 0 (M ), which is evident, and the equation on a k−2 takes the simple form
where, for brevity, we assume
2) for n = k − 4 we have
and the right-hand side lies in C ∞ 0 (M ) as a derivative of a smooth function on the torus;
3) for n = k − 6
From this computation it is easy to notice that the condition (11) is satisfied if and only if
and for checking the last condition we may replace ∂a n+2 ∂z by the right-hand side of the equation (9) on a n+2 . For n = k − 6 we get
For n = k − 8 the condition (12) takes the form
and we do not know how to show that the right-hand side of it lies in C ∞ 0 (M ). It is possible that this and the subsequent equations on a n are solvable not for all metrics g. We proved the following Theorem 1 For every metric ds 2 = g(x, y)(dx 2 + dy 2 ) on a two-torus the system of equations (6) and (7) is successively solvable for a k = const, a k−2 , a k−4 , and a k−6 .
On every step a solution a n is obtained up to a constant.
Corollary 3
The equations {F k , H} E = 0 on F k are solvable for all metrics for k ≤ 7.
These theorem and corollary are valid for all (even and odd) values of k, because the equations have the same form. From (11) it follows that the solvability of the subsequent equations on a n does not depend on the choices of a m , m > n, up to constants.
A polynomial F k , which satisfies (6) and (7), gives an additional first integral if the reality condition (8) is satisfied. It would not be superfluous to write down this condition one more time:
Up to recently all known cases of additional polynomial integrals of odd degrees are reduced to the case, then g(x, y) = g(y), F k = const · p k x . We consider it in detail in §4.1. For k = 1 the reality condition (8) is evidently satisfied, because a 1 = E g(y).
k = 2q
It follows from Proposition 4 that the equations on F k are obtained as the vanishing conditions for the coefficients at p 2m+1
Solutions of this system are derived successively starting with a k = const. Theorem 1 gives a sufficient condition (k ≤ 6) for the solvability of the system for all metrics g. In difference with the case of odd k the reality condition appears not as the vanishing of one of coefficients of the decomposition of {F, H} E , but as the reality condition for the polynomial F k :
It is nontrivial already for k = 2 and in this case all solutions of the system are given by the Liouville metrics (see §4.2). For arbitrary even k = 2q all known cases of additional integrals of even degrees relate to the Liouville metrics and F 2q = const · F q 2 . When we solve the equations on F k we obtain in general case a polynomial F k , whose coefficients a m are polynomials in E. Therewith if in the final formula we substitute E by E = H = 2hp z pz, we obtain a homogeneous polynomial of degree k in p z pz, which is a first integral for all values of energy. We demonstrate this evident fact below for the case of the Liouville metrics ( §4.2).
First integrals of low degrees
First, we expose the well-known results on geodesic flows with additional linear and quadratic integrals.
k = 1
By Proposition 4, a first integral takes the form F 1 = ap z +āpz and therewith
The first equation implies that a = const and by change of a variable z → z/a we may reduce the polynomial to the form a = 1. For a = 1 the second equation is written as
i.e. the metric takes the form
and the first integral is a canonical momentum corresponding to the coordinate x: F 1 = p x .
k = 2
It is enough to consider the case
because, if F odd = 0, then there exists a linear first integral and this case was already considered. Proposition 4 implies that
Again we conclude that a 2 = const and by a change of a variable z → z/ √ a 2 we reduce the polynomial to the case a 2 = 1. Then the second equation reads
which is rewritten in terms of the metric g = h −1 as follows
From the last equation the function a 0 is obtained by the inversion of the operator∂ = ∂ ∂z uniquely up to constant. However an additional reality condition as to be satisfied:
This condition distinguishes the class of the metrics admitting an additional quadratic integral, so-called Liouville metrics. To find it we differentiate the left-hand side of (14) in z and obtain
A real-valued function a 0 meets this equation if and only if
(here we keep in mind that g is also real-valued). By the D'Alembert formula, g(x, y) has the form g(x, y) = v(x) + w(y), a 0 is found (up to a summand const · E) in the form
and we obtain a first integral
We substitute into this formula
and derive that
This is an additional quadratic first integral of the geodesic flow of the Liouville metric
We note that although we looked for a first integral on the nonzero energy level H = E, the energy enters linearly in the final formulas and, by substituting its value by H, we obtain a first integral for all energy levels. The non-uniqueness in he choice of a 0 consists in adding an additional term const · E, which finally results in adding to F a term of the form const · H. In the particular case v(x) = 0 we obtain a metric whose geodesic flow admits a linear first integral F 1 = p x and F 2 = F 2 1 . We notice that the period lattice Γ is not necessarily rectangular. It is only necessary that the projection R 2 → R 2 /Γ send the lines x = const and y = const on the plane R 2 to closed curves [4] .
k = 3
The equations for coefficients reduce to the equation on a 1 and therewith we can, by using, if necessary, a linear change of z, put a 3 to be equal to any nonzero constant. It is convenient to put a 3 = 1 3 and we obtain the system of two equations:
Remark 2. Let us consider this system of equation from another point of view. To make it compatible with notations usual for soliton theory we put
and rewrite it as
In soliton theory it is known the Novikov-Veselov equation (NV) [15] 
where v is determined by the equation
which is uniquely solvable in the class of fast decaying functions on R 2 and in the class on functions with vanishing mean value on a two-torus. The Novikov-Veselov equation has two natural one-dimensional reductions:
1. u = u(x), v = u: in this case it reduces to the Korteweg-de Vries equation (KdV) ∂u ∂t = 1 4
Therefore the NV equation is a two-dimensional generalization, of the KdV equation, which differs from the Kadomtsev-Petviashvili equation;
2. u = u(y), v = −u: in this case the right-hand side of the NV equation is trivial and any function u(y), which depends only on y, is a stationary solution of the NV equation (this is valid also for all equation from the NV hierarchy which under the reduction of the first type becomes the KdV hierarchy.
In the "dispersionless" limit the KdV equation
the KdV equation becomes the Hopf equation
which, as it is known, has no non-stationary smooth solutions different from constants: u = const. The system (15) may be considered as the equation for stationary solutions of the two-dimensional generalization of the Hopf equation, i.e. of the "dispersionless" limit of the NV equation. Solutions which depends only on y exist and in terms of integrable geodesic flows they correspond to metrics of the form g(y)(dx 2 + dy 2 ). Therewith the first integral of third degree is proportional to F 3 1 = p 3 x . It could be possible that only constant solutions of this equation are smooth. This analogy is an argument for the following conjecture the equation (15) has no smooth nontrivial (depending substantially on x) solutions. Similar analogies with the Hopf equation appear in the cases of other odd degrees k > 3.
Remark 3. In [12, 14] , by using semigeodesic coordinates on a torus, it is shown that the condition for the existence of an additional polynomial first integral, i.e. the equations on coefficients of a polynomial in momenta, are written as systems of hydrodynamic type which also appear in soliton theory.
k = 4
Put, for simplicity, a 4 = 1 4 . The final system takes the form
with a 0 =ā 0 . In difference with the case of odd degrees k we can not draw analogies between these equations and soliton equations and introduce arguments pros and cons the existence of solutions which differ from ones given by the Liouville metrics.
Some remarks
The integrability of the geodesic flows of Liouville metrics was established in [25] . The complete classification of (two-dimensional) metrics admitting locally additional linear or quadratic first intergal was obtained by Massieu [26] . By (5), locally the coefficient at the highest degree can be transformed to constant by a change of variables and therefore the equations for F k have the same form as in Proposition 4, and for low degrees k = 1, 2 the Massieu classification reduces to metrics depending on one variable and to the Liouville metrics. For k ≥ 3 such a classification is not obtained. For k ≤ 2 the classification of such geodesic flows on a two-torus was apparently first time derived in [24] .
In [25] Liouville considered the geodesic flow of a metric g dz dz on the energy level
as a motion of a particle in the Euclidean metric and the potential field U (x, y) = E g(x, y) on the zero energy level:
Clearly this is one of the forms of the Maupertuis principle.
For the systems describing a motion in a potential field U (x, y) on a two-torus with the Euclidean metric ds 2 = dx 2 + dy 2 there is a conjecture which states that if there is an additional polynomial first integral (for all energy levels), then there exists such on integral of degree k ≤ 2. For k ≤ 2 such systems are completely described: for k = 1 the potential U depends on one variable: U = U (x), and for k = 2 it has the "Liouville"form: U (x, y) = V (x) + W (y). Up to recently this conjecture is proved for low degrees: k ≤ 5 [11, 17, 18, 28] .
Magnetic geodesic flows
The inclusion of a magnetic filed into a system consist in the deformation of the Poisson bracket. In the canonical coordinates x, y, p x , and p y the inclusion of a magnetic field results in the replacement of the relation {p x , p y } = 0 by {p x , p y } = B
where the Poisson brackets for other pairs of coordinates are preserved [29] .
Here Bdx ∧ dy is a 2 on a surface M . In the multidimensional case the Poisson brackets of pairs of momenta take the form
where B = i<k B ik du i ∧ du k is a closed 2-form on a manifold M (in the two-dimensional case the form B dx ∧ dy is always closed). The form B describes the magnetic field.
For complex-valued coordinates on a surface the Poisson bracket takes the form {z, p z } = {z, pz} = 1, {z,z} = 0, {p z , pz} = iB.
The Hamiltonian of the magnetic geodesic flow with respect to this Poisson bracket is the same as for the geodesic flow:
A magnetic field may be exact or non-exact: in the first case there exists a 1-form A = A i du i , on the manifold, such that B = dA, in the second case there exists a smooth mapping ϕ : N → M of a two-dimensional oriented closed manifold N into M such that N ϕ * (B) = 0. If M is a closed oriented surface, then B is non-exact if and only if M B = 0.
Since for magnetic geodesic flows the Poisson brackets of momenta are nontrivial, for such systems the statements of Proposition 1, Corollary 1, and part 2 of Proposition 4 do not hold. The simplest example of violations of the analogs of these statements is given by the flat metric ds 2 = dx 2 + dy 2 and the constant magnetic field B dx ∧ dy, B = const = 0 on the two-torus M = R 2 /2πZ 2 . In this case an additional first integral is equal to
it is real analytic and its components homogeneous in momenta are not first integrals of the flow. The trajectories of this flow on every nonzero energy level are circles of the same radius and F is the value of a smooth function (on the two-torus) at the center of the circle. The analogous example for close hyperbolic surfaces is more complicated: if ds 2 is a metric of constant curvature K = −1, dµ is the area form of this metric, and Bdx ∧ dy = Kdµ, then for E > 1 2 the magnetic geodesic flow is chaotic, and for E < 1 2 it is integrable, its trajectories on the universal covering are the geodesic circles of constant radii and for the first integral we may take the value of a fixed smooth function (on the compact surface) at the center of the circle [34] .
Let us consider the problem of finding magnetic geodesic flows which on nonzero energy levels H = E = 0 have additional first integrals of the form
The decomposition {F k , H} E into the powers of momenta is as follows 1
In the sequel, we will consider the case when M = R 2 /Γ is a two-torus with a complex-valued parameter z. As in the case of geodesic flows we conclude it follows from {F k , H} E = 0 that a k = const, and the vanishing of the coefficient at p k z implies the equality
from which we derive that
where a k−1 = α + iβ, α =ᾱ, β =β. This immediately implies Proposition 5 If a magnetic geodesic flow on a two-torus on some nonzero energy level {H = E = 0} admits a polynomial first integral F k (of the form (16)), then the magnetic field is exact:
We have also the following elementary statement which is implied by the equation {F 1 , H} E = 0.
Proposition 6 Let a magnetic geodesic flow on a two-torus admit on some nonzero energy level {H = E = 0} a linear first integral F 1 . Then in convenient conformal coordinates we have
Moreover F 1 is a first integral on all energy levels.
Specific examples of magnetic geodesic flows with linear (in momenta) first integrals were almost not studied however the possibility of their explicit description allows in some cases to find interesting dynamical properties [35] .
For k = 2 the situation is more interesting.
Proposition 7 Let a magnetic geodesic flow on a two-torus admits on some nonzero energy level {H = E = = 0} an additional quadratic first integral F 2 . Then in convenient conformal coordinates
where a 0 , a 1 , B, and g satisfy the equations
where a 0 =ā 0 , B =B, g =ḡ, and a 2 = const.
The system (18) immediately follows from Proposition 4 and the additional nontrivial contribution of the Poisson bracket on momenta: {p z , pz} = iB. Therewith this additional contribution of the magnetic field does not affect the highest term in p z in the decomposition of {F k , H} E and the equation (5) is satisfied.
We apply this Proposition for deriving some facts.
Theorem 2 For a magnetic geodesic flow with a real analytic magnetic field on a two-torus a quadratic in momenta function of the form
can be a first integral of the flow on two different nonzero energy levels if the magnetic field vanishes everywhere of the magnetic geodesic flow admits a linear first integral.
Proof. Since the integrability on one energy level implies a 2 = const, by a change of variable we reduce F to the case a 2 = 1. Let us assume that the flow is integrable on the different energy levels E 1 and E 2 . By (18), we have ∂(a 01 + a 02 E) ∂z + E n ∂g ∂z + 2ia 1 B = 0, n = 1, 2, and, since E 1 = E 2 , this implies two equalities:
However, by (18) ,
where α = Re a 1 , β = Im a 1 , and we conclude that
which implies
Since a 02 =ā 02 , we have Im a 2 1 = αβ = const. Let us consider two cases: 1) αβ = C = const = 0. Then β = C/α, by (19) ,
∂α ∂y from which we conclude that
This equation as the Hopf equation does not admit nonconstant smooth solutions. Therefore α and β are both constant and B = 0. 2) αβ = 0. In this case either α = 0, either β = 0 everywhere (exactly where we need the real analyticity of B and, therefore, of a 1 ). For α = 0, by (19) , we have
For β = 0 analogously we derive that B = B(y) and g = g(y). In both cases the magnetic geodesic flow admits a linear first integral. Theorem is proved. The proof of the following statement is completely analogous.
Theorem 3 If a Liouville metric g = v(x) + w(y) depends substantially on both variables, then for every nontrivial (i.e. not vanishing everywhere) magnetic field B on every nonzero energy level the magnetic geodesic field does not admit a first integral of the form Proof. Let us assume that for some nontrivial energy level such a first integral exists. By (18), we have ∂a 0 ∂z + E ∂g ∂z + 2ia 1 B = 0.
By differentiating the left-hand side in z and substituting B = Since g is a Liouville metric, the right-hand side of the last equation is real-valued as well as a 0 . Therefore, Im a 2 1 = const and, by applying the same reasonings as in the proof of Theorem 2, we arrive at contradiction. Theorem is proved.
Until recently neither local, no global (on closed surfaces) classification of magnetic geodesic flows admitting on a fixed energy level an additional quadratic first integral are not obtained.
It is known only one explicit example which is derived, by using the Maupertuis principle, from an integrable case of a motion of a particle in magnetic and potential fields [19] , which we expose below for the completeness of an exposition.
Recently in [2] it was shown that every geodesic flow of a Liouville metric by an arbitrarily small deformation is transformed into a magnetic geodesic flow which admits a fixed energy level an additional quadratic first integral.
Example ( [19] ). We expose it in the spirit of the equations (18) . Put a 2 = 1. Let the magnetic field have the "Liouville" form: B = B 1 (x) + B 2 (y).
since for the existence of an additional first integral it is necessary that the magnetic field is exact, i.e. its mean value over the torus vanishes:
B dx ∧ dy = 0, the functions B 1 are B 2 are the derivatives of periodic functions. In this case, without loss of generality, we may assume that B = v ′′ (x) + w ′′ (y).
From (18) Let us substitute into this condition the expressions for a 1 and g and obtain
For f (u) = α 3 u 3 + α 2 u 2 + α 1 u + α 0 , α 0 , . . . , α 3 ∈ R, the last equality is written as 
